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Maggi’s Equations of Motion
and the Determination of Constraint Reactions

John G. Papastavridis*
Georgia Institute of Technology, Atlanta, Georgia

This paper presents a geometrical derivation of the constraint reaction-free equations of Maggi for mechanical
systems subject to linear (first-order) nonholonomic and/or holonomic constraints. These results follow directly
from the proper application of the concepts of virtual displacement and quasicoordinates to the variational
equation of motion, i.e., Lagrange’s principle. The method also makes clear how to compute the constraint
reactions (kinetostatics) without introducing Lagrangian multipliers.

I. Introduction

VER the past few years, and in connection with the

computational problems of multi-rigid-body dynamics,
several papers dealing with the formulation of constraint re-
action-free Lagrange-type equations of motion for systems
subject to (linear) nonholonomic constraints have appeared
(see, e.g., Refs. 1-4). The problem with these derivations,
usually carried out without the explicit application of the
concepts of virtual displacement and virtual work, is that they
give the impression that their results are the fortuitous prod-
ucts of clever, but ad hoc algebraic manipulations on the
Lagrange multiplier-containing equations of motion. What is
missing there is not only geometrical insight, but primarily the
relation of special results with the general principles of analyt-
ical mechanics (AM).

In the following we shall show how these general principles
of analytical mechanics, when applied for the correct defini-
tions of virtual displacement and virtual work and quasicoor-
dinates, yield directly and naturally all kinds of reaction-free
equations of motion. We shall also demonstrate how to use
this ‘“virtual’’ formalism to retrieve these constraint-caused
reactions, if needed, without re-introducing Lagrangian multi-
pliers, which constitutes another proof of the superiority of
the geometrical and analytical approach. As an illustration,
the reactions and equations of motion of the well-known knife
edge or sled problem are determined.

II. Kinematical and Kinetical Background

Consider a general mechanical system whose configuration,
relative to an inertial frame of reference F, is determined by a
set of n generalized true or Lagrangian, independent, or un-
constrained positional system coordinates

a=@"....q" 0]

all functions of time ¢. The position of a typical system particle
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P (relative to F) is
r=r(P; gt)=r(g.t) @
while its equation of motion (Newton’s ‘‘second law’’)
dma =df +dR ©))

where

dm =mass of P
a = acceleration of P (relative to F)
df =total impressed or applied (known) force on P
dR =total reaction or constraint (unknown) force on P

The decomposition of the total force acting on P into df and
dR, instead of the Newton-Euler decomposition of it into
total external and total internal or mutual force, constitutes
the contemporary interpretation of d’Alembert’s initial idea.
The absence of the explicit realization of this fundamental
difference between the methods of Newton-Euler and
d’Alembert-Lagrange is, and has been, the main cause of
confusion in dynamics; this is not an academic point, but one
loaded with practical consequences.

The system is subjected to m (< n) independent linear non-
holonomic (=nonintegrable) kinematical constraints

n
Yakg+ak=0, k=1,...,m) @
i=1

the coefficients af, a* are known or given functions of all g
and ¢, in general, and taken together build an m x(n +1)
matrix of rank m. Some, or all, of the constraints [Eq. (4)]
may simply be holonomic ones in differential or kinematical
form; most of what follows holds in this special case, too.

Now, the virtual displacement of a typical P, dr, is defined
as the linear or first-order part of

Ar=r (q +6q’t)_r (q’t)
where 8g = differential increment of g compatible with the

instantaneous or homogeneous, i.e., constant time, con-
straints. Thus, 6r is the special differential

) 6q'—Ee,6q )
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where, however, the ndg are not independent, but are re-
stricted by the virtual form of the nonholonomic system con-
straints of Eq. (4):

aik&]i = 0’
1

(k=1,....m) ©6)

n
i=
On the other hand, the particle and system ‘‘gradient’’ or
holonomic (not necessarily unit) vectors ;= dr/dq’ are lin-
early independent (since all ng are independent) and, there-
fore, for each particle P and at each “point” (g,z) of the
system’s (extended) ‘‘configuration space’’ V,,, build a (co-
variant) basis. The base vectors e; are fundamental to all
subsequent considerations. Considering formally (nonrela-
tivistically!) the time as an additional (# + 1)th system coordi-
nate, i.e., setting always g”*!=¢, one can extend the basis e to
include e, ,=0dr/dq"+'=adr/ot.

The basic postulate of analytical mechanics is ‘‘Lagrange’s
principle’” (LP), or ‘‘d’Alembert’s principle in Lagrange’s
form® (see Ref. 5, pp. 215-225 and 517-520). (Actually, LP is
a constitutive postulate for the ‘‘geometrical’’ forces { —dR}
and, as such, not a “‘law”’ of nature as, e.g., Newton’s second
law of motion!) According to LP, for any mechanical system
subjected to ideal [or (virtual) work-less] and bilateral (re-
versible or two-sided) constraints

S(-dR)-sr=0 (Ta)
or
Sar -sr=0 (Tb)

where S (...)=summation over all of the particles of the
discrete and/or continuous system, as in Stieltjes’ integral.
The {~dR} are called ““lost’’ or *‘forlorn’’ forces. Thus, LP
states that the system of lost forces is in equilibrium, not in the
ordinary sense of zero force and torque, or even as in action-
reaction, but in the virtual work sense of Egs. (7). It should be
stressed that it is the sum of the ‘‘lost virtual works’’ that
vanishes and not necessarily the individual terms, although the
latter may happen in special cases. Inserting dR from Eq. (3)
into Egs. (7) reduces it to the more familiar

Sdma-or=Sdr-or ®)
We shall call Eqgs. (7) and (8) the “‘particle”’ or ‘“vector’’ forms

of LP. Next, substituting ér from Eq. (5) into Egs. (7) and (8)
yields, respectively,

08g'=0 ©

i=1
gE.-<T>aqf= _EIQiéq" (10)
where
d [(oT T
Sdma~e,--d—t (3‘q—’> —a—qiEEi(n (11)

Lagrange’s transformation [E;(...)=Euler/Lagrange opera-
tor], and

which is equal to the kinetic energy (relative to F),

Sdf-e=0 (12

which is equal to the covariant ith component of impressed
system force, and

SdR -¢;=0f a3)
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which is equal to the covariant /th component of the system
reaction force. The purely kinematical result [Eq. (11)] is
standard fare to any advanced dynamics exposition, and is
based on the kinematical equalities ¢;=dr/dg‘=0v/d¢’, and
E;(v)=(0v/3¢’)" —dv/3q' =0, where

dr

n
V= S gren,
i=1

which is equal to the inertial velocity of P. The latter are valid
for any constrained system, holonomic or not. (Similarly,
€;=3a/0§', where a=dv/dt=acceleration. Clearly, this
holds for any-order time derivative of r with respect to the

same order time derivative of g’.) Some references, e.g., Ref.

6, imply that Eq. (11) is valid only for holonomic systems.
Also, Eq. (11) is a welcome but secondary result of Lagran-
gian dynamics and by no means its essence. The preceding
results and definitions are valid .-for any ideal system, holo-
nomic or not. Now, in nonholonomic systems, due to Eq. (6),
the n 6q are not independent, and so one cannot deduce from
Egs. (9) and (10) that

0 =0 (14)

E(T)=Q;, i=1,...,n as)

These two sets of equations are valid only for independent éq.
When constraints such as Eq. (4) or (6) are present, to make
further advances from Egs. (9) and (10) one proceeds in one of
the following two ways: 1) Attach or adjoin Eq. (6) to Egs. (9)
and (10) via m Lagrangian multipliers A, = A¢(#), which makes
n &q independent again and, thus, yields the well-known
Routh (1877)-Voss (1885) equations:

00 =Y N af (16)
k=1

E(T)=0;+00, (=1,..,n) 17

or 2) introduce new sets of (n —m) independent virtual varia-
tions that automatically satisfy the constraints of Eq. (6); this
is the method of quasicoordinates, or of constraint embedding
(to the problem).

The ability to attach or adjoin the homogeneous constraints
of Eq. (6) to the homogeneous form of Egs. (9) and (10), i.e.,
the ability to use Lagrange’s multipliers, is the key reason why
one reads in the literature that the various g must be small or
infinitesimal. Usually this is repeated uncritically as an article
of faith or as some dusty rule out of the past and, thus, adds
to the considerable confusion regarding virtual displacements,
e.g., Ref. 7, pp. 1076-1077 and Ref. 8. As long as the con-
straint equations have been brought to the linear and homoge-
neous (virtual) forms [Eq. (6)], and can, therefore, be ad-
joined to the variational equations of motions (9) and (10) via
multipliers, the size of each 6g does not matter; it is their ratios
with each other that matters, as in ordinary differential cal-
culus, i.e., the coefficients @f. Thus for /inear nonholonomic
constraints there is no problem with the size of the éq.. Prob-
lems do appear, however, in the case of nonlinear nonholo-
nomic constraints such as

fk(q’ iL t)=0’

and, unless one carefully defines virtual displacements, no
further advance toward the formulation of reactionless system
equations of motion can be made; i.e., Eqgs. (18) cannot be
attached in that form, or even as

afk=2<§§’% '+ 2 &1")

k=1,..,m) (18)
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to Egs. (9) and (10). On this often neglected and misunder-
stood point see Ref. 9, p. 47 and Ref. 10, pp. 453-520,
footnote on p. 454.

Following Hamel (Ref. 5, p. 473 et seq.) we introduce a set
of n total derivatives of quasicoordinates 6 or ‘‘quasiveloc-
ities”’ w* or, more precisely, contravariant nonholonomic
components of system velocity at (g,¢) in the extended config-
uration space V, | via the linear invertible transformations

n
N kil k
wh= 2:01 g+ar, =0,

i=1

(k=1,...,m)
W .
Yakqi+ak, o0,

i=1

gtl=t=1) 19

tk=m+1,...,n)

(wn+1

where now the nonsingular (n + 1) x (z + 1) matrix a= {af,
al, ., plus the appropriately defined a’%*!, a’it}} consists of
the original m X (n + 1) submatrix of Eq. (4) plus additional
arbitrary elements (to make a square), but such that when the
system (19) is solved for the ng as functions of the (n —m) w
and the elements of a are substituted back into Eq. (4), they
satisfy Eq. (4) identically. Carrying out this inversion yields

n
= Y Alwk+Al,,

k=m+1

(i=1,...,n) (20)

It can be readily shown that the following *‘compatibility’’
conditions hold

n Ld
YakAi=sf, Yaial=8, k,I=1,..,n) (2la)
i=1 i=1

n n
K Ai_ i kai ok
YakAl=—Al, YakAl,, = —af,,,
k=1 i=1 :

(k=1,...,n) (21b)
where
arllc+l=6nk+1: A7¢+1=5n/{+1
and k=1,...,n; n+1; 6, etc.,=the Kronecker delta. The
virtual forms of Egs. (19) and (20) are, respectively,

n
805 = Y akéqg'=0, *k=1,....m) (22a)
i=1
n
30%= Y aksqi =0, (k=m+1,...,n) (22b)
i=1
and
n
ogi= Y, ALook, (i=1,...,n) (23a)
k=m+1
5q"+1=56"+1=5t =0, (by LP) (23b)

where 60 = virtual variation or virtual differential of the quasi-
coordinate 9, and w*=d@*/dt=60% (no ordinary derivative,
since 8% does not exist.)

Now we are ready to continue with the kinetic equations
(7-10). Let us start with the particle ones. Inserting Eq. (23)
into Eq. (5) yields '

or=e bq'

i=1

=Y a86¢ 4
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where

n
a =Y Al e (25)
i=1

The transformation equation (25) holds, of course, for k=1,...,m,
m+1,...,n (and even n + 1). The representation of Eq. (24) is
fundamental to AM.

The (covariant) particle and system basis vectors a; are
the nonholonomic counterparts of e;. Since the various e are
linearly independent and the e —a transformation is nonsingu-
lar, the various a are also linearly independent, but contrary to
the gradient e;, ay (at least one of them) are nongradient; i.e.,
a, #0r/d (true coordinate)*. One can, however, define the a;
by the symbolic operation, or ‘‘quasichain rule’’:

g o

% = 30= 24 3
_g o 36a)
i-1 9g' 336"

(k=1,....n) (26a)

The a; are fundamental to all nonholonomic mechanics con-
siderations. Finally, inverting Eq. (26a) with the help of Eq.
(21) readily yields

o 3 4 2689
/R TV

(26b)

]
IR
ol
o~
=
]
i
:
:
~
-

a; a;
k

il
—

Remark: Contrary to erroneous statements contained in Ref.
7 (pp. 1076-1077), Eq. (24) for ér does not have to be defined
(or ““chosen properly’’) in an ad hoc or a posteriori fashion to
fit the facts, but instead, as our preceding presentation clearly
demonstrates, Eq. (24) flows directly, logically, and uniquely
out of the universal virtual displacement definition without
approximations and/or guesswork. True principles lead, they
do not follow. ’

II1. Reaction-Free Equations of Maggi
Next, inserting the representation [Eq. (24)] into the particle

forms [Eq. (7).and (8)] of LP successivgly yields, from Egs. (7),
0=S dr-or

=Sdr. i ak60">

=m+1

_Sdr- [,(}:JH <=1 Af e,-)&()"]
=k=),:::+1 [; <SdR-e,.>A,£]aok

n
_ ¥ (
k=m+1 i

- ¥ ep st @7

k=m+1

=

Aj Qi(’)> 0%

1
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from which, since the (n —m) 66 are now independent,

o =Y 4i 0P (28)
i=1

defined as the covariant kth (nonholonomic) component of
system reaction along 66%, equals zero, for k=m +1,...,n.
Inserting Eq. (16) into the right side of Eq. (28), and since a
and ‘A are inverse matrices [recall Eqgs. (21)], yields

n i m
=Y, Aé(E N a.-’)
i=1 /=1

!I

i::(ﬁ: a; Ak))\l

]
b=

LN

~
B
—

il
Z

(=0, for k=m+1,...,n) 29

o =\

The particle form of Eq. (28) is

Y)—SdR ak{“O, k=m+1,...,n)

#0 k=1,....m) (30),

since these latter nonzero reactions result from the constraints
80,=---=06,, =0. One can also define 6%, ;= §dR- -4, #0,
requlred to produce 60,,+1-6t—0 this will not be needed
here, however From Eq. (8), the insertion of Eq (24) ylelds

Sdma-6r=Sdf-6r
Sdma- ( a; aok) Sdf < a aok)
. k=m+1 k=m+1 ’

Y (I —0,)86k=0 31

k=m+1

or

from which; since the (n—m) 60 are independent,

Ik=6k, (k=m+1,_...?n) (32)

Here
I.= Sdma -y (33)

is the covariant kth (nonholonomic) component of the system
inertia force, along 86, and equals
n

E Al E(T)

[recall Egs. (11) and (26)],

Ok = Sdf-ak (34)

is the covariant kth (nonholonomic) component of the system
impressed/applied force, along 86*,

Y Alo

=1

[recall Egs. (12) and (26)]. These transformations [Egs. (33)
and (34)] hold also for k =1,...,m (and even for k =n +1).
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Inserting Eqs. (23) into Eqs. (9) and (10) successively yields,
for Eq. (9),

0=2Q,.<r>< Y Al 60")
i=1 k

=m+1

n
L op s

k=m+1

li.e., Egs. (28)] and for Eq. (10),

0=) [E (T)— Q,]aq

i=1
[ E(T)—- Q]( )f: A;€50">
k=m+1

n
Y <1k —ek> 86*
k=m+1

[i.e., Egs. (32)].

The preceding equations clearly show how to get rid of the
reactions Qf” in Eqgs. (16) : and (17) (i.e., the customary starting
point of treatmerits such as in Refs. 1—4) Multiplying both
sides of Eq. (17) with 4} (=1,...,n; k=m+1,...,n) and
summing over { yields successively

HM;

n

Y AL E(T)= g:lAz Qi+ §A;<I_Elm a,-’> (352)

i=

or, since the second right-hand side sum is [by Eq. (29)] zero,

n n
YALE(M=YAlQ:, or Li=6 (35b)

=1 i=1
where the final expression is taken from Eq. (32). Further

}:";A;;<S dma ~e,-> = iAé(S df-e,-> (350)
i=1 ’ i=1

or, finally, (particle forms)

Sdma -ak=Sdf-ak,

[i.e., Eq. (32)].

The fundamental reaction-free equations (35b) were derived
first in 1894 (and published in 1896) and then again in 1901 by
the distinguished Italian mechanician G. A. Maggi.!""!? Al-
though Maggi’s equations are of pivotal importance for the
entire theory of nonholonomic equations of motion [since
they constitute the bridge between the ‘‘multiplier/reactions”’
equations of Routh/Voss, and the purely nonholonomic reac-
tion-free equations of Boltzmann (1902)/Hamel (1903/1904)],
regrettably and 1nexpllcab1y they seem to be unknown to most
contemporary Western mechanicians, mcludlng the Italian
ones. A certain special case of Maggi’s equations is of particu-
lar practical significance: one solves the m [Eq. (4)] for the
first (dependent) mg, in terms of the last (independent)
(n_m) Q: ie. .

= ¥ ba+bio, G =1,..,m) (36)

i=m+1

where b,-j and bj., are functions of qi,...,q,,¢. The virtual
counterpart of Eq. (36) is

k=m+1,...,n) (35d)

n

sgi= Y, blsq’, G=1,..m) 37

i=m+1
Now, Eqgs. (36) and (37) can be viewed as the following
special case of Egs. (19) and (23):

n
E bf g —br.1=0, k =1,...,m)
i=m+1
o =g, k=m+1,...,n) (38)
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and .
n 6q' =o' -566:%0, (i=1,...,n)
86k =og* g;Hb,-k 8q', *k=1,...,m) , v
=y Ak={af}, o=[AL}, G, k=1,...,n;n+1) (44)
80%=dq*, (k=m+1,...,n) (39 where the system virtual displacément vector 8q is
. . . n n p
i.e., in this case 8q = Zai 6g'= E A, 56%=50 (45)
i=1 k=m+1

[ 1 b Jm) .

(m) (n—m)

|1 b | ;
A‘[ 0 1 ](n-—m) “h
(m) (n—-m)

where 1= (m X m) unit (diagonal) matrix, 0= (n —m) X m zero
matrix, and

b=[ bf Im, k=1,...
(n—m)

W i=m+1,...,n) 42)

Only the (n xn) parts of a and A are shown here; their
(n + 1)th row and column do not enter the equations of mo-
tion. For this particular choice of quasivelocities [Eqgs. (41)
and (42)], the Maggi equation (35b) reduces to

E(T)+ g:lb; E(T)=0% (43a)

m
Oc=0i+ Lbi O (k=m+1,...,n) (43b)
~ To the best of our knowledge, Eqs. (43) were first arrived at
by a different method by the distinguished French mathemati-
cian and mathematical physicist J. Hadamard in 1895/1899
[Ref. 14, pp. 400-404, Eqs. (5-10); and Ref. 15, pp. 50-54,
Eqgs. (6), (8) and. (9)]. Since then they have been routinely
appearing in many (almost exclusively non-English-language)
famous expositions, as the direct result of the combination of
Eq. (37) with Eq. (10), without explicit recoutse to the method
of quasicoordinates [e.g., Ref. 17, pp. 395-398, Eqs. (8.7.6);
Ref. 18, Egs. (8) and (9); Ref. 16, pp. 407-408, Eqgs. (12); pp.
413-415, Egs. (10)]. These equations were rediscovered in
1973 by Passerello and Huston® in an ad hoc fashion. All
recent references, such as Refs. 1-4, are actually rediscovering
these Hadamard/Maggi equations by isolated, ungeometrical,
and tortuous ways.

The reactionless Maggi equations (35b) have a simple geo-
metrical interpretation: the m nonholonomic constraint equa-
tions (6) represent the equations of an (7 —m)-dimensional
plane, the ‘‘virtual system hyperplane’’ (VP), through (q,?) i 1n
Va.+1, and is tangent to V,,, there. The coefficients a,
(k =1,...,m), properly normalized, are then the direction cosi-
nes of the m-independent system vectors A*= {af} normal to
VP, whereas the remaining (n —m)-independent system vec-
tors Ay (k=m +1,...,n) lie, or define, or span the VP. [It
should be pointed out that Maggi’s equations (35b and 43),
cannot detect the difference between genuinely nonholonomic
constraints and holonomic ones in differential form; these
equations of motion hold unchanged for Egs. (4) and (6), like
constraint cases. Only Boltzmann/Hamel-type equations can
‘“‘see’’ this distinction. This fact does not afféct our results
here.]

Thus, Egs. (6), (22), and (23), in system vector form, read

50k=A%.6g =0, k=1,...m;n+1)

80k = A*.5g 0, (k=m+1,...,n)

and a;, A; are, respectively, the reciprocal or dual basés to o
and A*; as is well known, the latter are defined by

o-o/=8 (462)
Ay -Al=8 (46b)

One can tHus say that the totahty of the (s — m) -dimensional
“‘elements”’ [i.e., the vectors &g or 66 = (6()"'+l :..,00M] that the
m constraints [Eq 61 order or map to every point (g,?) of the
configuration space, spans a nonholonomic manifold (the sys-
terh VP) imbedded in that space at (g,?). The reactions of
these constraints are perpendicular to these elements 6g = 0.

Therefore, multiplying the Routh/Voss equations. (17) by
Af and summing over i from 1 to n means taking the dot/
scalar product of their system vector

0=E(1)-2 Q"

E(T)-0: ~Q,-<’>] o

]
™

1L

with the (honholonomic) system vectors A, (k=m +1,...,n):

0=

-

E(D-0, —Q.")]A/’;

H
—

E(T)- Q}]AL

1
™%

becarlse
Q0 A= (igma) YA a‘j)
£ o
= ¥ ovaj <a" -a,-)
Lj=1

“Y(Ta 5§>Qi"’=EA:’; op @7
i=1\j=1 i=1

equals zero (= projection of @ onto the system VP). In sum,

=0 (k=m+1,...,n)
0. — 0N ’ 4
Q- A, =6k Lo, U=1,..m;n+1) 8D
where ‘
0v=Y0r w= 10" a
=Y 6pAk= Eekak en (48b)

k=1 k=1

IV. Calculation of Reactions
General Maggi Case
Let us finally find how to ¢compute the reactions Qf and
00 =\,. From Eq. (48)

#0, 60k=0 k=1,..,m)
Y ’ v 49
ok { 0, 8050, (k=m+1,...,n) “9)
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and, therefore, Eq. (28), with Egs. (16) and (17), yields

n
of =Y A} 0f
i=1

I

gAi [Ei(T)—Qi}

It
=
kS

2

E«T)— El AL O

i=1

=1 — 6,
#0, k=1,....m) (50)
=0, (k=m+1,...,n) (51)

Equations (50) and (51) are the most general nonholonomic
system equations of motion. As shown in Ref. 19, they also
hold for nonlinear nonholonomic constraints [Eq. (18)] with
appropriate generalizations. Further transformations on I
lead to the equations of Boltzmann/Hamel; Appell, et al.

Critical comments: 1) Egs. (50) can be extended for the case
k=n+1 (time coordinate); this, however, does not produce
another equation of motion but, instead, a ‘‘power or rate of
working’’ theorem, and so it will not be pirsued any further
here. 2) Equations (50) and (51) can also result if one applies
the “‘principle of relaxation. of constraints’’ along with the
familiar method of Lagrangian multipliers. Analytically this
means combining LP

Y (@ -6,) o6k =
k=1

(60: constrained)

with the m(<n) constraints

1-8¢'=0,..., 1-60m=0

or

n
Eapaok:

Thus, one obtalns with {—©{] as the m multipliers [from Eq.
(27) and the preceding constraints],

2": (T — ©x) 86%

k=m+1

m
Y (i — 6, — 630k +
k=1

=0, (60: unconstrained)

from which Egs. (50) and (51) follow (see also Ref. 19).

3) Whether calculating reactions or not, one should remem-
ber to enforce the constraints only at the final stage, i.e., after
all differentiations, etc., have been carried out and not before;
otherwise, one will obtain incorrect ¢équations.

Special Hadamard/Maggi Case

For the special case [Eqgs. (36-42)], the general reaction-
containing Maggi’s equations (50) and (51) reduce to

m
o) o= Y akep, {inverting Eq. (28)]
k=1

m

E fop=0n=00"=\

or

0 =E(T) -0, (i=1,...,m) (52a)
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from which

E(T)=0Qi+N\ (52b)
8 Q0= Y af op

k=1

=— Y bkepP=—Y bk Op
k=1 k=1

or

00 = — Y bHE( -0,  (i=m+1,..n) (53)
k=1

from which

EA(T)=0 ‘;Z_:l”"k M (53b)

Inversely
n
op=3 4} QP
i=1

E 8, [EAT)~ Q]

=E(T)— Qe =0, (k=1,...,m) &0

and

n
of=Y.4f of
i=1

[\15

bi QP + E 8 of

1 i=m+1

T

5

= Lbk (BN = Q1+ E(D) =

= (k=m+1,...,n)

as expected [recall Egs. (43)}.
Remarks: 1) In view of the purely kinematical result

EAT)= BS,,

where SaES'jl‘ dma?= Appellian function, or ‘‘acceleration
energy,”” which holds always, one can replace E;(T) through-
out this paper with 4S,/8¢’, and call the resulting equations
““Appellian forms of Maggi’s equations.’’

2) It can be easily shown that the choices dr/d6%, dv/duw*,
da/do* (always equal to each other and to a;) for a, in Eq.
(35d) vield, respectively, the equations of Maggi, ‘‘Kane,”
and Appell (see Refs. 19 and 20).

V. Application: Calculation of Reactions
in the Knife-Edge or Sled Problem

This well-known problem consists of the following: find the
equations of motion of a knife whose rigid blade remains
perpendicular to the x-y plane. The knife’s contact point with
that plane, C, has coordinates (x,y), and its mass center G lies
a distance s(#0) from C along the knife. Finally, the knife’s
instantaneous orientation is described by its angle ¢ with
respect to the positive x axis. For additional details see Ref. 5,
pp. 465-469 and Refs. 19 and 21. Here we choose g, =x,
¢>=Y, q3=¢, and, due to the problem’s nonholonomic and
scleronomic constraint dy/dx =tan¢ (see Fig. 1),

w=(—sing)x +(cos¢)y+(0)¢  (=0)
wy = (cosg)x + (sing)y + (0)¢p
wy=(0)%+ () + ()¢ (55)
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Fig. 1 The Knife edge/sleigh problem.

from which
—sing cos¢p O
a=A=| cos¢ sing O (56)
0 0 1

Because of the orthogonality of the coordinates, the difference
between covariant and contravariant components and basis
vectors disappears, and so only subscripts will be used. The
constraint is simply
w; [=component of velocity of C perpendicular
to the knife’s edge]l=w, =0 7
while

ws [=component of velocity of C

along the knife’s edge]l=w, =v (58)

and

w3 = Wy = ¢ (59)

Clearly here m =1, n =3. Next, from a well-known elemen-
tary dynamics formula '

T =Yam(@+ 30+ V2I* + msd(y cosp —x sing) (60)
where m,I=mass and moment of inertia (about an axis
through C perpendicular to the x-y plane) of the knife; as
explained earlier, the constraint [Eq. (57)] is not to be en-
forced on Eq. (60). Finally, let Q1=X, Q,=7Y, and Q;=M be
the x,y, and z holonomic components of the (given) general-
ized impressed force (X, Y: forces, M: moment).

With E«(T)= E« for convenience, one readily finds

E\—E, =(mx—msd sing)’ = mx—ms¢? cos¢ —ms¢ sing
(61)

Ey~E, =(my+msé cosg) =mp—ms¢? sing + ms¢ cose
62)

E;—E,=[ms(y cos¢ —x sing)]" + I + msd(y sing + X cose)

=I¢+ms(y cos¢—x sing) (63)

Applying the previous theory to the preceding problem readily
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shows that here
a=a=a,=], m=dd=a,=j, ay=’=ay=k (64)
where (3., %) are the well-known orthonormal triad along x,y,z,

A =A'=A, =(—sing) a, + (cosd) ay, +(0) ay (65a)
A;=A*=A, = (cos¢) &, +(sind) a, +(0) &, (65b)

A;=A=A,=00) oy +(0) o, +(1) (65¢)

(n,t: along normal and tangential to knife’s edge, respec-
tively), from which

o, =(—sing) A, +(cos¢) A, +(0) A, (66a)
a, =(cosp) A, + (sing) A, +(0) A, (66b)
ay=(0) A, +(0) A, +(1) Ay (66¢)

and, therefore,
g =(x,y, ¢) = generalized position vector ©67)
dq/dt = generalized velocity vector

=ka,+tye,+é as (in holonomic basis H)

=(0)4, + (v)4, + ($)4, (in nonholonomic basis NH)
68)
E(T)=E=E, a,+E, a,+E, 0, H)
=1, A, +1, A +I, A, (NH) (69
O=Xoa,+Ya,+Maoy H)
=NA,+KA+® A, | (NH) (70)
0V=X0 g + YO o;y + MO a, H)
=NO A, +(0) A +(0) A, NH)  (71)

Thus the nonholonomic component form of the system
equation

E=0Q+0" (72)
is
I,=N+N© (73a)
I, =K, (KD=0) (73b)
=&, (®" =0) (73¢)

where
L=E-A,=Au E;+Ay Ey+ Ay E,

=(—sing)E, + (cosd)E, + (0)E,

= —m¥ sing + my cos¢ +msé 74
I,=E-A,=A, Ex+A, E,+ Ay Ey

= (cos¢)E, + (sind)E, + (0)E,

=m¥ cos¢ + my sing —ms$? (75)
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I¢=E‘A¢=Ax¢ Ex +Ay¢ Ey + A¢¢ E¢

=(0)E, +(0)E, + (1)E;=ms(—X sing + y cosp) +Ip  (76)

N=0 A, =(—sing)X + (cosp)Y + ()M an
NO=Q0.4, (78)
K=0-4,=(cos¢)X + (sing) Y + (0)M a%
[KP=00.4,=0] (80a)
$=0-4,=0)X+0)Y+(1)M (80b)
[#0=Q0-4,=0) (80c)

Inserting the results of Eqgs. (74-80) to Egs. (73) finally yields

m (¥ cosd —x sing) + ms¢

=¢0s¢ Y —singpX +cos¢p YO —sing X (81)
m(x cose + ¥ sing) — ms$p? = cos¢pX +sing Y (82)
ms(y cos¢p—% sing)+I[d=M (83)

These are the Maggi equations of our problem. Equations (82)
and (83) would also result if one eliminated the Lagrangian
multiplier from the three Routh/Voss equations of this prob-
lem—recall Egs. (16 and 17). From Eq. (81) that multiplier
equals Y®.cosp— X .sing = ---. Once fully understood, the
Maggi procedure can be considerably streamlined. More in-
structive forms of Eqs. (81-83) result if one uses quasicoordi-
nates: they.are the well-known

mvp+msp=N+NO (84)
mi—msp?=K (895)
msvp+Id=M (86)

One first solves the system of /Eqs. (85) and (86) (plus appro-
priate initial conditions) for v(¢) and ¢(¢), then substitutes
them into Eq. (84) and solves for the reaction N®(¢).

VI. Conclusions

The proper definition of virtual displacement combined
with Lagrange’s principle led us directly and naturally to the
fundamental equations of Maggi, with or without constraint
reactions; the geometrical interpretation of these equations
was also discussed, along with a special case, the Hadamard/
Maggi equations. A simple application to the well-known
knife-edge or sled problem was also presented. It is hoped that
this exposition, in addition to deriving general equations such
as Egs. (50) and (51), has also helped demonstrate the simplic-

J. GUIDANCE

ity and unifying power of the traditional geometrical approach
over the currently popular algebraic/matrix one.
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